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Abstract
We study a finite analog of a conjecture of Erdo¨s on the sum of the squared
multiplicities of the distances determined by an n-element point set. Our result is
based on an estimate of the number of hinges in spectral graphs.
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1 Introduction
Let Fq denote the finite field with q elements where q ≫ 1 is an odd prime power. For
any x, y ∈ Fdq , the distant between x, y is defined as ||x−y|| = (x1−y1)
2+ . . .+(xd−yd)
2.
Let E ⊂ Fdq , d > 2. Then the finite analog of the classical Erdo¨s distance problem is to
determine the smallest possible cardinality of the set
∆(E) = {||x− y|| : x, y ∈ E},
viewed as a subset of Fq. Bourgain, Katz and Tao ([3]) showed, using intricate incidence
geometry, that for every ε > 0, there exists δ > 0, such that if E ∈ F2q and |E| 6 Cǫq
2−ǫ,
then |∆(E)| > Cδq
1
2
+δ for some constants Cǫ, Cδ. The relationship between ε and δ in
their argument is difficult to determine. Going up to higher dimension using arguments of
Bourgain, Katz and Tao is quite subtle. Iosevich and Rudnev ([7]) establish the following
results using Fourier analytic methods.
Theorem 1.1 ([7]) Let E ⊂ Fdq such that |E| & Cq
d/2 for C sufficient large. Then
|∆(E)| & min
{
q,
|E|
q
d−1
2
}
. (1.1)
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In [11], the author gives another proof of this result using the graph theoretic method.
This method also works for many other related problems, see [12, 13, 14, 15]. The ad-
vantages of the graph theoretic method are twofold. First, we can reprove and sometimes
improve several known results in vector spaces over finite fields. Second, our approach
works transparently in the non-Euclidean setting. In this note, we use the same method
to study a finite analog of a related conjecture of Erdo¨s.
Let degS(p, r) denote the number of points in S at distance r from p. A conjecture of
of Erdo¨s [6] on the sum of the squared multiplicities of the distances determined by an
n-element point set states that
∑
r>0
(∑
p∈S
degS(p, r)
2
)
≤ O(n3(log n)α,
for some α > 0. For this function, Akutsu et al. [1] obtained the upper bound O(n3.2),
improving an earlier result of Thiele [10]. If no three points are collinear, Thiele gives the
better bound O(n3). This bound is sharp by the regular n-gons [10]. Nothing is known
about this function over higher dimensional spaces. The purpose of this note is to study
this function in the space Fdq . To avoid some null distance pairs (i.e. two distinct points
with distance zero), we assume that −1 is not a square in F throughout this note. The
main result of this note is the following.
Theorem 1.2 Let E ⊂ Fdq. For any point p ∈ E and a distant r ∈ F
∗
q, Let degE(p, r)
denotes the number of points in E at distance r from p. Let f(E) denote the sum of the
square multiplicities of the distances determined by E:
f(E) =
∑
r∈F∗q
(∑
p∈E
degE(p, r)
2
)
.
a) Suppose that |E| ≥ Ω(q
d+1
2 ) then f(E) = Θ(|E|3/q).
b) Suppose that |E| ≤ O(q
d+1
2 ) then Ω(|E|3/q) ≤ f(E) ≤ O(|E|qd).
The rest of this note is organized as follows. In Section 2, we establish an estimate
about the number of hinges (i.e. ordered paths of length 2) in spectral graphs. Using this
estimate, we give a proof of Theorem 1.2 in Section 3.
2 Number of hinges in an (n, d, λ)-graph
We call a graph G = (V,E) (n, d, λ)-graph if G is a d-regular graph on n vertices with
the absolute values of each of its eigenvalues but the largest one is at most λ. It is well-
known that if λ≪ d then an (n, d, λ)-graph behaves similarly as a random graph Gn,d/n.
Precisely, we have the following result (cf. Theorem 9.2.4 in [2]).
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Theorem 2.1 ([2]) Let G be an (n, d, λ)-graph. For a vertex v ∈ V and a subset B of V
denote by N(v) the set of all neighbors of v in G, and let NB(v) = N(v) ∩ B denote the
set of all neighbors of v in B. Then for every subset B of V :
∑
v∈V
(|NB(v)| −
d
n
|B|)2 6
λ2
n
|B|(n− |B|). (2.1)
The following result is an easy corollary of Theorem 2.1
Theorem 2.2 (cf. Corollary 9.2.5 in [2]) Let G be an (n, d, λ)-graph. For every set of
vertices B and C of G, we have
|e(B,C)−
d
n
|B‖C‖ 6 λ
√
|B‖C|, (2.2)
where e(B,C) is the number of edges in the induced bipartite subgraph of G on (B,C)
(i.e. the number of ordered pair (u, v) where u ∈ B, v ∈ C and uv is an edge of G).
From Theorem 2.1 and Theorem 2.2, we can derive the following estimate about the
number of hinges in an (n, d, α)-graph.
Theorem 2.3 Let G be an (n, d, λ)-graph. For every set of vertices E of G, we have
p2(E) ≤ |E|
(
d|E|
n
+ λ
)2
, (2.3)
where p2(E) is the number of ordered paths of length two in E (i.e. the number of ordered
triple (u, v, w) ∈ E ×E ×E with uv, vw are edges of G).
Proof For a vertex v ∈ V let NE(v) denote the set of all neighbors of v in E. From
Theorem 2.1, we have
∑
v∈E
(|NE(v)| −
d
n
|E|)2 6
∑
v∈V
(|NE(v)| −
d
n
|E|)2 6
λ2
n
|E|(n− |E|). (2.4)
This implies that
∑
v∈E
N2E(v) +
(
d
n
)2
|E|3 − 2
d
n
|E|
∑
v∈E
NE(v) 6
λ2
n
|E|(n− |E|) (2.5)
From Theorem 2.2, we have
∑
v∈E
NE(v) ≤
d
n
|E|2 + λ|E|. (2.6)
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Putting (2.5) and (2.6) together, we have
∑
v∈E
N2E(v) ≤
(
d
n
)2
|E|3 + 2
λd
n
|E|2 +
λ2
n
|E|(n− |E|)
<
(
d
n
)2
|E|3 + 2
λd
n
|E|2 + λ2|E|
= |E|
(
d|E|
n
+ λ
)2
,
completing the proof of the theorem. 
3 Proof of Theorem 1.2
Let Fq denote the finite field with q elements where q ≫ 1 is an odd prime power. For a
fixed a ∈ F∗q , the finite Euclidean graph Gq(a) in F
d
q is defined as the graph with vertex
set Fdq and the edge set
E = {(x, y) ∈ Fdq × F
d
q | x 6= y, ||x− y|| = a},
where ||.|| is the analogue of Euclidean distance ||x|| = x21 + . . .+ x
2
d. In [8], Medrano et
al. studied the spectrum of these graphs and showed that these graphs are asymptotically
Ramanujan graphs. They proved the following result.
Theorem 3.1 ([8]) The finite Euclidean graph Gq(a) is regular of valency (1+ o(1))q
d−1
for any a ∈ F∗q. Let λ be any eigenvalues of the graph Gq(a) with λ 6= valency of the graph
then
|λ| ≤ 2q
d−1
2 . (3.1)
We have the number of ordered triple (u, v, w) ∈ E×E×E with uv and vw are edges
of Gq(a) is
∑
p∈E degE(p, a)
2. From Theorem 2.3 and Theorem 3.1, we have
f(E) ≤
∑
a∈F∗q
|E|
(
(1 + o(1))
|E|
q
+ 2q
d−1
2
)2
≤ (q−1)|E|
(
(1 + o(1))
|E|
q
+ 2q
d−1
2
)2
. (3.2)
Thus, if |E| ≥ Ω(q
d+1
2 ) then
f(E) ≤ O(|E|3/q), (3.3)
and if |E| ≪ O(q
d+1
2 ) then
f(E) ≤ O(|E|qd). (3.4)
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We now give a lower bound for f(E). We have
f(E) =
∑
r∈F∗q
(∑
p∈E
degE(p, r)
2
)
>
∑
r∈F∗q
1
|E|
(∑
p∈E
degE(p, r)
)2
>
1
(q − 1)|E|

∑
r∈F∗q
∑
p∈E
degE(p, r)


2
>
|E|(|E| − 1)2
(q − 1)
= Ω(|E|3/q). (3.5)
Theorem 1.2 follows immediately from (3.3), (3.4) and (3.5).
Remark 3.2 From the above proof, we can derive Theorem 1.1 as follows.
1
|∆(E)||E|
(|E|(|E| − 1))2 ≤ f(E) ≤ |∆(E)||E|
(
(1 + o(1))
|E|
q
+ 2q
d−1
2
)2
.
This implies that
|∆(E)| ≥
(1 + o(1))q
1 + 2 q
(d+1)/2
|E|
,
and Theorem 1.1 follows immediately.
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